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ABSTRACT: We show by explicit construction the existence of various four dimensional
models of type Il superstrings with N = 2 supersymmetry, purely vector multiplet spectrum
and no hypermultiplets. Among these, two are of special interest, at the field theory level
they correspond to the two exceptional N = 2 supergravities of the magic square that have
the same massless scalar field content as pure N = 6 supergravity and N = 3 supergravity
coupled to three extra vector multiplets. The N = 2 model of the magic square that
is associated to N = 6 supergravity is very peculiar since not only the scalar degrees of
freedom but all the bosonic massless degrees of freedom are the same in both theories. All
presented hyper-free N = 2 models are based on asymmetric orbifold constructions with
N = (4,1) world-sheet superconformal symmetry and utilize the 2d fermionic construction
techniques. The two exceptional N = 2 models of the magic square are constructed via a
“twisting mechanism” that eliminates the extra gravitini of the N = 6 and N = 3 extended
supergravities and creates at the same time the extra spin—% fermions and spin-1 gauge
bosons which are necessary to balance the numbers of bosons and fermions. Theories
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1. Introduction

In four dimensions there is an exceptional family of N = 2 supergravities [fl] which
are known to be in correspondence with the symmetric spaces of the “magic square”
of Freudenthal-Rozenfeld-Tits [[l]. Two of the four N = 2 exceptional theories in four
dimensions are associated to the Jordan algebras Jéc and J:[)fﬂ. They have the additional
remarkable property that they share the same scalar field contents as some supergravity
models with more supersymmetry. Their scalar manifolds

SU(3,3) SO*(12)

M= s ey M7 e (1)

appear also in N = 3 supergravity with 3 vector supermultiplets and in (pure) N = 6
supergravity, respectively.

The N = 2 model which is associated to N = 6 supergravity appears to be most
peculiar. Not only the scalar fields of both theories are the same but all the other bosonic
degrees of freedom are also the same. This remarkable property motivated us to realize this
exceptional N = 2 theory at the superstring level. In order to proceed in this direction we
found useful to focus our attention more generally on the construction of N = 2 theories
with purely vector multiplet spectrum i.e. without hypermultiplets. As a consequence, the
scalar fields will all belong to vector multiplets and parameterize a projective special Kéhler
manifold [J—f]. All theories of the “magic square” belong to the class of hyper-free theories.



In this work we construct four dimensional type II superstring backgrounds with N = 2
space-time supersymmetry.! The N = 2 hyper-free models are constructed via asymmetric
orbifolds utilizing the free 2d-fermion construction [f, []. Due to the left-right asymmetric
construction the universal axion-dilaton pair, S, will not be part of a hypermultiplet,
as would be the case for type II geometric compactifications on a Calabi-Yau manifold.
Instead, S will belong to a vector multiplet as in the heterotic-like compactifications. This
is linked to the fact that supersymmetry is realized in an asymmetric way from the world-
sheet point of view [, B, H], as in the heterotic case or in the asymmetric constructions
of type II obtained in [[d, [(1l]. Instead of having ' = (2,2) superconformal models as
is the case for a Calabi-Yau compactification we rather have N’ = (4,1) superconformal
symmetry on the world-sheet [[J]. We may note that the c-map correspondence exchanges
hypermultiplets and vector multiplets, it is a 7" duality in 3d conjugated by scalar/vector
dualities, we shall return to this in due course.

In section [l we start with the construction of the “S—minimal” N = 2 type II super-
string model which contains a single minimally coupled vector multiplet, S, associated to
the axion-dilaton pair. The S—minimal theory is universal in the sense that it will be part
of the spectrum of all the other more complex hyper-free models.

In section B we recall the properties of some exceptional N = 2 supergravities [[]] which
are known to be in correspondence with the projective special Kédhler symmetric spaces of
the “magic square” of Freudenthal-Rozenfeld-Tits [B].

In section f] and [] we construct as type II superstrings the two N = 2 theories of the
“magic square” associated to the N = 6 and N = 3 supergravity theories respectively. We
first recall how to realize the associated theories with higher supersymmetry (N = 6 and
N = 3) and then we introduce a new mechanism which reduces supersymmetry without
changing the scalar content of the models. Its sole effect will be to somehow replace the
gravitini that we want to get rid off, by spin-1/2 fermions and spin-1 gauge bosons, thereby
giving us precisely the spectrum of the N = 2 theories we are looking for. Two extra

. . . . . . _ Eq_s
theories of the magic square in three space-time dimensions, MGD =3 = W, and

_ E, . . . . . .
MP=3 = W@S)U(@ are constructed in section [ and | by stringy dimensional reduction

from the corresponding four dimensional magic theories. Furthermore, by oxidation in five

space-time dimensions the construction of MGD =5 = S[SJ;((?) of the magic square is also

obtained. In our stringy set-up, there is an obstruction to define M?,D =5 = Séé?’(?g) since all

six right-moving coordinates are twisted which prevent the oxidation procedure. Section fj
summarizes our results.

2. The minimal hyper-free theory

Our first theory is a type IIA four dimensional N = 2 model which contains the gravi-
ton supermultiplet and one additional vector multiplet in its massless spectrum. The

'Here and in the following N = N corresponds to the number of space-time supersymmetries with
respect to the four dimensional super-Poincaré algebra. It will sometimes be written as N = Ny, + Ngr to
recall the world-sheet chirality responsible for the supercharges



vector multiplet consists of the universal dilaton and axion fields. The model can be eas-
ily obtained via the fermionic construction [J—F]; the basis of sets {F,S,S,b1,b1,ba, b3}
is the main data relevant for the construction of the corresponding model which we call
(F,S,S,by,b1,bo, b3) but it implies also a choice of some generalized GSO projection coef-
ficients (GGSO or discrete torsion). Here F' is the set containing all the fermions of the
model in the light-cone gauge, namely two world-sheet fermions *, the 12 fermionized
internal coordinates {y’,w’} with 0X' = y’w!, I =1...6, their 6 world-sheet supersym-
metric partners ! as well as all the corresponding right- moving 2d fermions. The sets S,
S that define the left- and right- supersymmetric GSO projections are given by [H]:

S={wrd=), 5= {7t} 1)

The model defined by the sets {F, S, S} gives rise to the usual N = 4 + 4 supersymmetric
background. In order to reduce the left- plus right-moving space-time supersymmetry
from N =44+4to N =2+ 1resp. to N =2+ 0, it is necessary to include some extra
“supersymmetry breaking sets”, by, by, by resp. by, by, b, b that define left-right-asymmetric
projections of the type:

(Z2)left X (Z2 X Zz)right
resp.

(Z2)1ots % (Z2 X Za X Z2) g1

with
{ ok, M2y, PO, gt w7, w )

_ 1o 34 56 1
bl = { T;Z) ) X1727 y3’47 y5767 y17 w1|y57w5}
{_“, Y3,47 y1,27 w0, @3, wi’,‘y67w6}

53 = { _U’ Y&Gv w1’27 @3’4, y67 m6|y27u}2} (22)
The above choices of the “supersymmetry breaking sets” define consistent models since
they satisfy all the overlapping conditions necessary in the fermionic construction [f.

b1 N 52={W, @1’3}; Elﬂblz{ﬂs\ys}; Bzﬂblz{ms\yﬁ}
bsN by = { " 70, wl}; b3 N by = { 9", @3’6}; b3 N by =0 (2.3)
and
Elﬁ Egﬁ 53ﬁb1 = (. (2.4)

The presence of some left- and right-fermionized coordinates, {y;, wi@j,@j}, in the by, I =
1,2,3 and b; guarantees the free-action of the Zy’s defining the asymmetric orbifolds [[J]
and thus the absence of massless states coming from the “twisted sectors”. The models are
defined completely once we specify the signs of the generalized GSO coefficients (GGSO).
We have chosen to take minus one for all but one:

(D)= ()= (=) = () =1 (2.5)



in addition to the choices
D=1, (-1)¥=(-1)"=-1, (2.6)

that define the usual N = 4 + 4 model in type ITA theory.

The model (F, S, S, by, by, bs) without the set bs, defines a theory possessing N =2+ 1
space-time supersymmetry and SU(3,1) as a non-compact group of global symmetry [g].
The additional set b3 enables us to define the model (F, S, S, by, by, by, b3) in which all left-
moving space-time supersymmetries are broken. This results in a N' = (4,1) superconfor-
mal theory on the world-sheet and N = 2 + 0 space-time supersymmetry.

Since b3 defines a Z» action that acts freely, it does not introduce additional states
from its twisted sector in the massless spectrum either. Besides, all the bosonic fields from
the “parent” N = 2+ 1 theory are projected out apart from the graviton, the dilaton-axion
pair and two vector gauge fields. One is the graviphoton of the gravity multiplet and the
other corresponds to a matter vector multiplet.

Although the massless spectrum of the N = 2 model consists of the gravitational mul-
tiplet and just one vector multiplet, it is important to determine the coupling between the
vector and scalar fields and the structure of the scalar moduli space. It is well known [§] that
the axion-dilaton pair parameterizes a coset space which is topologically a pseudosphere

SU(1,1)

oy (2.7)

Let us recall that the N = 2 effective supergravity allows a priori two types of couplings
between the vector and scalar fields which are distinguished by the curvature of the moduli
space [H, fl] even though their topological structure is the same. Indeed, when the coupling
between the scalar and vector fields is “non-minimal” the Kéhler potential is given by

K =-3log (5—-15) . (2.8)
On the other hand, when the coupling is “minimal” the K&hler potential is given by
K = —log(S—15) . (2.9)

From the form of the axion-dilaton kinetic terms in type II superstrings we know that this
last case applies to the structure of the axion-dilaton moduli space [§]. The Poincaré half
plane is always isometrically embedded in a possibly bigger moduli space G/H.

In the language of N = 2 supergravity we recall that S corresponds to a non-
homogeneous coordinate on the moduli space [[J-[f]. Homogeneous coordinates are in-
troduced through S = Z% and more generally ¢; = %7 1 =1...n if there are 2n + 2 moduli
of the vector multiplets. In terms of these, the Kahler potential of vector-moduli space
is fixed by the prepotential F'(Zy, Z;) - which is a holomorphic homogeneous function of
degree 2 - through [[-f]

K = —log ilm[ Z;0'F(Z;) ], (2.10)



with the index I = (0, ). It can alternatively be expressed in terms of the non-homogeneous
coordinates ¢; and the function f(¢;) defined by F(Z1) = —iZ f(t;) through?

K=—log |2(f(t)+7 (@)~ (t:—%) (64 -97) | . (2.12)

In the case of non-minimal coupling with coset space SU(1,1)/ U(1) the prepotential is
cubic in Z and given by F(Z, Zy) = zg—z On the other hand, the prepotential in the case
of minimal coupling to the vector fields is F(Z, Zy) = Z* — Zg. The latter prepotential is
the one we must use to describe the axion-dilaton pair in the case of interest. Therefore,
we have shown that it is possible to construct a “minimally” coupled N = 2 hyper-free

model whose scalar sector forms a special Kahler coset space

SU(1,1)
u(l)

This is interesting and rather unexpected. Indeed, in the spirit of the c-map [[[4] the
distinction between the “minimal” and “non-minimal” structures is equivalently expressed
by saying that the dimensional reduction to three space-time dimensions of these models
on a circle, gives rise to 3d supergravity models with different scalar manifolds (after
dualization in three dimensions of the vector fields into scalars). In the case of a “non-
minimal” coupling one finds that the scalars together with the scalar-dual of the vector
gauge field, parameterize the special quaternionic manifold3

G
SO(4)

(2.13)

whereas in the case of “minimal” coupling one finds that the scalar parameterize the special
quaternionic-Kéhler manifold,
U(2,2)
U(2) xU(2)’

which is somewhat exotic from the point of view of Calabi-Yau or symmetric orbifold

(2.14)

N = (2,2) compactifications.

3. Hyper-free N = 2 theories of the “magic square”

More general hyper-free N = 2 models can be constructed with higher number ny of vector
multiplets via asymmetric orbifold constructions starting from type II superstrings with
N =2+4, N =241 or eventually N = 2+ 2 initial supersymmetry. The breaking of the
right-moving supersymmetry via freely acting asymmetric orbifold gives rise to N =2+ 0
hyper-free models. In all constructions of this type, the axion-dilaton pair belongs to one of

2In this change of notation one makes use of the invariance of the theory under a Kahler transform of
the Kahler potential
K—>K+A+A (2.11)

with A an arbitrary holomorphic function of the moduli.
30ne can read @] for a discussion of special Kéhler and special quaternionic manifolds.



the vector multiplets and it appears always with “minimal coupling”. Since in our construc-
tion the last projection is assumed to act freely, the scalar Kéhler manifold of the final N =
2 theory is necessarily a sub-manifold of M=2 the scalar manifold of the initial “mother”

theory with higher supersymmetry, let us consider for instance for N=4+42 or N=2+1:
_ SO*(12) _ SU(3,3)
MN—2 C , or MN—2 C )
~ (o) — S(UB) xU3))

The special cases where the dimension of the scalar manifold is maximal, dimM{=2=30

. (3.1)

and dimM34'=2=18, hold for N = 2 theories which are known to be in correspon-
dence with the projective special Kéahler symmetric spaces of the “magic square” of
Freudenthal-Rozenfeld-Tits [B, [I].

These two N = 2 “magic” theories are associated to the Jordan algebras J5' and J5.
They are known to have the same scalar field content as some supergravity models with
more supersymmetries. The N = 2 theory that is associated to N = 6 supergravity appears
to be the most peculiar one. Not only the scalar fields but also the gauge bosons degrees
of freedom are the same.

In the next two sections we provide a construction of the two hyper-free N = 2 “magic”
theories at the superstring level.

Before that, let us recall some properties of the N = 6 supergravity, namely the helicity
structure of the N = 6 graviton (G) and gravitino (g) supermultiplets

36 120 16 16 120 36
G:(+2,4= ,+15 4= 0%, —= -1 L+=,0% —= -1 -2 2
<+ 7+2 7+ 7+2 ) ) 27 @ + 7+27 ) 2 ) ) 27
3 6 115 20 115 p 3
(42,415, 42 020, -2 —16 2 3.2
g <+27+ 7+2 ) 9 2 9 9 2 ( )

where we indicate the multiplicity of each helicity in exponent. The branching rule under
N=6—N=2,

G—-Ghpigd 7V & 4H (3.3)
where V and H denote respectively vector-multiplets and hyper-multiplets. The 30 scalars
of the N = 6 supergravity parameterize a coset

SO*(12)
U(6)

Remarkably, one of the N = 2 theories of the magic square [[l] possesses exactly the same

(3.4)

bosonic content as the N = 6 (pure) supergravity. It is associated to the Jordan algebra
called Ji. Both N = 6 and N = 2 supergravities contain one graviton, 15 vector fields
(one of them being the graviphoton and 14 belonging to vector multiplets in the case of
the N = 2) and the 30 scalars with the structure we have just indicated.

Before we proceed further, we would like to make some remarks concerning the
fermionic spectrum: from the decomposition of the eq.(B.3), N = 6 supergravity con-
tains 26 extra fermions in addition to the 2 gravitini from the graviton multiplet G|y—2,
namely 22 have spin 1/2 and the last 4 are spin-3/2 gravitini. This is the same as the
number of fermionic degrees of freedom of the J:[))HI supergravity. Hence the difference is
that the extra 4 gravitini must be replaced in the N = 2 model by 4 spin-1/2 fermions.



4. Superstring construction of the magic MY=2

This section is devoted to the superstring construction of the exceptional N = 2 super-
gravity based on the Jordan algebra Jgﬂ [l which contains at the massless level the same
number of scalars and gauge bosons as pure N = 6 supergravity.

The simplest way to get a N = 6 theory in the type IIA setup is to start from the type
II superstring with N = 4 + 4 supersymmetry and then to use a freely acting asymmetric
Zy orbifold which reduces the left-moving supersymmetries to N = 2+ 4 [§, [, [1]. In
the fermionic construction language [fi], we start with the N = 4 + 4 model (F,S,S).
Then, the Zy asymmetric breaking to N = 2 4 4 is obtained by choosing one additional

supersymmetry breaking set for instance b’ [g],
b, = {wu7X1727y37475767y17w1 |§17w1} ) (41)

and fixing the GGSO projection by the choice of sign (—1)? = —1.

Although the (F,S,S, V) model defines an initial N = 2 + 4 theory, it will turn out that
it is not a good starting point to reduce the right-moving gravitini and obtain the magic
N = 2+ 0 theory.

4.1 A failed attempt

Indeed, we could add an additional breaking set Eg
bs = {y*, 0’ |72, 0°}US (4.2)

that would break N = 244 to N = 2+0 removing the four right- moving gravitini. However,
this would remove at the same time the RR-scalars and so, the number of remaining scalar
degrees of freedom of the N = 2 theory would be 14 instead of 30. The scalar manifold of
this hyper-free N = 2 model, (F, S, S,V bg),

L, SU(L1) S0(2,6) S0*(12)
M= = U0 “S0@) xS0(6) < U6

(4.3)

is a sub-manifold of the desired MY =2 with dimension 14 instead of 30.

To obtain the desired “magic” N = 2+ 0 it seems necessary to construct in a different
way the initial N = 2 4 4 theory so that, the RR scalars and gauge bosons survive the
additional supersymmetry breaking projection from N =244 to N =2+ 0.

4.2 N = (2+2) + 4 construction with (3/2) < (1/2) magic twist

To define the asymmetric orbifold mechanism which has the property to replace the 4
gravitini of the N = 6 by 4 fermions and at the same time keeps the RR-scalars, it is
necessary to prepare the initial N = 2 44 theory in a more sophisticated way that we will
describe in detail below.

We start with the string model (F, S, S,b), where b is purely left-moving

b= {or,x"?y>H0 (4.4)



b defines an asymmetric, non-freely acting orbifold acting on (F, S, S) model and breaks the
supersymmetry (in the untwisted sector), from N = 44+4 — N = 2+4. The twisting action
of b on the untwisted sector is thus similar to the one of &’. There is however a fundamental
difference between b and b'; in b all elements are left-moving. This holomorphic property
will be crucial in what follows.

Different choices of GGSO projection give different models. Choosing for instance
(—1)® = —1, the massless spectrum would be given by:
@ super-sector

[(7/1“7)(1’2) & sp (w“,xl’z)_Sp (X3’4’5’6)+} [(EM,YI""’(S) & sp (E“,Yl"“ﬁ) _] . (4.5)

b super-sector

[Sp (WL, X1’2)_SP (y3,4,5,6)+@3p (X3,4,5,6)_3p (y3,4,5,6)+]® [(WL, Y1,...,6) ®sp (1/}#7 Tl > ] _

(4.6)
In each super-sector our notation indicates the massless states in the sectors [NS @& R] ®
[N—S S5 m Even though the untwisted 0 super-sector corresponds to a theory with N =
244 supersymmetry as in the previous b’-construction, here the supersymmetry is extended
to N = (24 2) + 4 because now the twisted super-sector b contains massless states and
among them two extra left-moving gravitini. This supersymmetric extensions happens due
to the left-moving “holomorphic structure” of b. Thus, the (F, S, S,b) twisted construction
still has maximal N = 8 supersymmetry constructed in a b-twisted manner. We should
stress here that this supersymmetric extension from N = 6 — N = 8 of the (F, S, S,b)
model is a stringy phenomenon and can be seen algebraically at the level of the modular
invariant partition function which implies the inclusion in the spectrum of the b-twisted
sectors with h # 0:

O I S et L

a,b

% 5 %(_ a+b+ab ] [%] ! (4.7)

where Zg 6 [Z] ‘SO(G) is the contribution of the six internal coordinates d¢t = (yw)!, I =

2,...6. The directions ¢?z’4’5’6 are twisted by Zs induced by b. Remember that in the
fermionic construction the coordinate currents are given in terms of the two dimensional free

fermions, so that the Zy acts on y>%>% only. w**%0, y1* and w"? are invariant under Z».
h 1 2 A2
el = i Sl us
9 SO(6) 2‘77’ 0 o Y12 w12 1) b2 ph2
2 4
Xﬂ@[v} 9|:/7+h:| 9|:/7_h:| §|:'7:|
(8 0] 3456 [0+g Y3 0—g Y56 o G50 534,56



To see that this leads to an N = 4 4 4 supersymmetry we first perform the sum over the
(a,b) indices using the Jacobi identity

%%;—nﬁﬂwer+hymer_hymeﬁr@):—ﬁﬂimer+hymef_hym.

b+g b—g 1+g 1—g

(4.9)
This partial summation shows that the partition function has a second order zero for v — 0
from the left-moving sector. This can be traced to the presence of two left-moving massless
gravitini in the untwisted sector and indicates at least N = 2 space-time supersymmetry
from this sector. However to see that the full N = 4 + 4 supersymmetry is present we
need to show that an extra double zero is present in the partition function. Then we are
left to compute:

1 1+h] [1—h] [y+h] [yv—h
S=-= -—1,79+5h9[ } 9[ ] 9[ } 9[ ]. 4.10
2%( ) 1+4+g 1—g 0+g d—g (4.10)

Defining
(A7B):(1_h71_g)7 (775):(1+H71+G)7 (411)

and using the Jacobi identity associated to (A, B), one can show that:

s = 0o L o[ 2w o4 My o[£ M

2 v B B+ G B-G
= (—1)GEH+D 9[1]2(1)) eﬁig] (v) HE:Z} (v)

zem?@GMim, (4.12)

so that overall . . 5 6

a= Lo 3l L o) o)) ax

In® L1 1 24516 d

Thus, we have shown explicitly that the b—twisted partition function exhibits a zero
of order four on the holomorphic and anti-holomorphic sectors. The two extra zero’s
correspond to the presence of two left-moving massless gravitini in the b—twisted super-
sector as we have mentioned above. Actually the computation of the string helicity
super-traces [[Id, ] would let us conclude that the (F,S,S,b) model has a maximal
N = 8 supersymmetry. Other choices of the GGSO projection coefficients define non
trivial lattice shifts. Choosing for instance the “factorized point” of the Zg ¢ such that

h h Too(T,U
Z6.6 [ } = Zs4 [ } sz) (4.14)
twisted 91 twisted ‘ n ’

where the twisted lattice Z44 [Z] wisted correspond to the contribution of the
09! = ylw!, T = 3,4,5,6 directions which are twisted by Zs. The [oo(T,U) lat-
tice is the contribution of the untwisted directions d¢? = (yw)2. The latter depends on



the T', U moduli which are associated to the 2-torus. In the fermionic construction 7" and U

are fixed to the self-dual point T'= U =i. A way to break the right-moving space-time su-

persymmetry “spontaneously” is to correlate the right-moving helicity with a lattice shift.

However, in order to preserve the bosonic content of the massless spectrum it is necessary

to keep some of the twisted Ramond-Ramond states. This leads us to correlate the helicity

characters (@, b), the twisted (h, g) characters with a lattice shift of the I'y o lattice [I§].
To do that one defines the shifted lattice sum as

F272 |:§ + h:| _ Z (_1)(E+h)m1+(5+g)n1+m1n1

b + g Mg, Mg
T o ( i J J=
x =2 exp [—ZiﬂBijm’nJ — Gy (m” + n'7)(m? + n'7) (4.15)
T Im~
with
ImT
Gij =1 [mev o], Bu=ey ReT (4.16)

written in the Poisson dual form. This lattice sum differs from I'y o(7,U) by the intro-
duction of the modular invariant phase (—1)@+th)mit(Gtgnitmini  Note that the right
helicity shift has the usual form of a right-moving “temperature” coupling [[I§] while the
(—1)Pmitani ghift acts on the twisted sectors (h, g) of the Z; orbifold. This phase modifi-
cation does not change the modular covariance properties of the lattice sum. Its effect is
to make massive the sectors corresponding to @ + h = 1 mod 2.

Some comments are in order:

e In the ) super-sector we loose the R-R and NS-R sectors which contain 8 vectors, 16
scalars, 12 spin 1/2 fermions and 4 gravitini coming from the right moving side.

e Theb super-sector contains the NS-R and R-R sectors which provide us with 8 vectors,
16 scalars and 16 spin 1/2 fermions.

We see that overall, all these operations have had no effect on the bosonic content of
the theory with respect to the N = 2+ 4 model corresponding to the b’-orbifold. However,
from the fermionic fields point of view we have lost 4 gravitini but gained 4 additional spin
1/2 fermions. This is what we call a (3/2) < (1/2) twist.

Given the number of vector fields it is clear that no hypermultiplet is present in the
spectrum. However since 16 among the 30 scalar fields now come from the b-twisted sector
it is not immediate to conclude what is the special Kahler manifold that is associated to
the scalars. Several possibilities exist with this dimension namely

SU(1,15) SO(2,14) SU(1,1)  SO*(12)

U) xSU(15)  SO(@2)=xSo(14) < U © u(6)

(4.17)

The first two need either a rank 15 or rank 9 symmetry group to be realized in a linear
way which is a too large symmetry to be realized in the model under consideration. On
the other hand, one can realize explicitly a rank 6 symmetry group through

SO(2),12 X U(1)g,q X S,U(z)gjm,s,6 x SU(4)y3.456 C U(6) (4.18)

— 10 —



where, in the above equation, the fields associated to each group factor are indicated as
lower indices.
Furthermore, from the coset decomposition of

S07(12) SU(L,1) S0(2,6) SU(2,4)
ue) ( U(1)  SO@) x SO(6)>h:0 8 <U(1) x SU(2) x SU(4)>h:1’ (4.19)

we recognize the coset structure of the 14 untwisted moduli from the ] super-sector (h = 0)
and the 16 RR-moduli coming from the twisted b-super-sector (h = 1). This decomposition
is identical to the one of N = 2 + 6 model described in ref. [f].

We shall momentarily proceed to the construction of the other four dimensional magic
models, but we would like to make some comments on the reduction and oxidation of
ME=2 to three and five space-time dimensions:

(i) The three dimensional case is obtained via S! compactification. The sets S, S
and b are taken to be the same as in the four dimensional construction. In three
dimensions however the dimension of the scalar manifold is extended via 3d duality
transformation of the vector gauge bosons to scalars. In the untwisted h = 0 sector
the dimension of the 3d scalar manifold becomes:

14 (4d-scalars)+14 (4d-vectors)+2 (4d-graviphoton)+2 (3d-graviphoton, g3 ,)= 32.
Altogether parameterize (via the c—map) the quaternionic manifold,

pes SO(4,8)
h=0"""8U(2) x SU(2) x SO(8)

M (4.20)

In the h = 1 sector the dimension of the 3d scalar manifold becomes:

16 (4d-RR scalars) + 16 (4d-RR vectors) = 32.

The 32 scalars from the h = 0 sector together with the 32 scalars from h = 1 sector
parameterize in 3d the quaternionic manifold of the magic square [ [i[:

E7 5
SU(2) x SO(12) ’

MP=3 = (4.21)

as expected by a c—map operation on the four dimensional ./\/lév =2 magic model.

(ii) The five dimensional case is obtained from M3 =2 magic model via one dimensional
oxidation. Here also the sets S, .S and b are the same as in the four dimensional case.
The only difference is the replacement of the two dimensional lattice I'y 2 by the one
dimensional lattice I'; 1. Also, we identify x! = ¢° and y'w! = 0X°, ylw' = 9X5;
X? is taken non-compact. In five dimensions the number of scalars is reduced since
they are becoming the 5th components of higher spin fields. In the A = 0 sector the
6 scalars parameterize the manifold

MP=5 =50(1,1) x %ﬁ;’) =S0(1,1) x SS%}Z’;’) (4.22)
In the h = 1 sector the RR-states are decomposed in 5d vectors and 5d scalars. The
% of the 4d-scalar degrees of freedom in this sector are eaten by the 5d-vectors. So

— 11 —



we are left with 8 5d-scalars that parameterize the manifold

SP(2,4)

D=5
= 4.23
Mi=i SP(2) x SP(4) (4.23)
The 6 scalars from h = 0 sector together with the 8 from the h = 1 sector

parameterize in five space-time dimensions the manifold of the magic square [B}, i,

SU*(6)

D=5
Mg = USP(6) ’

(4.24)

as expected by the supersymmetry conserving operations via Ozxidation < Reduction.

5. Superstring construction of the magic MY=2

The other N = 2 “magic” theory we would like to construct in four space-time dimensions
is the hyper-free theory which has the bosonic spectrum of the N = 3 supergravity coupled
to three extra vector multiplets. The scalar manifold is Kéhler and contains 18 scalars.

 SUB3)
Ms = 506 x vB) (5:1)

Here also the string construction has to be asymmetric involving asymmetric twists and
lattice shifts.

Our starting point is a twisted realization of the N = 8 based on the holomorphic and
anti-holomorphic basis sets

1= {0}
o 19 a4 _
bl = {TIZ) 7X1727y3’47y5’6}

b, = {032 70} (5.2)

The holomorphic set A
A= {y3,4y5,6w3,4w5,6 } (5.3)

will be used in our construction as well. b} induces a Z7 projection which seems to break
1

the left-moving supersymmetry from 4 to 2. Also 5/1,5/2 induce Zg, X Zg, projections that
seem to break the right-moving supersymmetry from 4 to 1. Howevér, thege supersymmetry
breakings are not efficient in general due to the (anti-) holomorphic structure of the basis
sets that imply the presence of extra gravitini in the twisted sectors of the theory. Thus,
there is a choice of the GGSO coefficients where the supersymmetry is maximal. Explicitly,
this choice defines the following partition function for the N = (2+2)+ (1+1+1+1)
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model {S,b; S B’I,E;;A}

IN=8 = In |24 9 Z Z Z %Z %Z

h1,91, h17917 h2,§2 7,6 A,B

1 a a a—+ hy a— h
- 1)atbt+ab g 0 0 0 _\Yhmgi+AB
520 o) ol ool ©

S e ] e I O 1

] I oo ] e

1) 5+§1 1) 1) 5—91‘1‘92
1 T N N —a-l-ﬁl —ﬁ—i—ﬁg —ﬁ—ﬁl—ﬁg
= (—1)Ftbtab eH 9[_ } 9[_ ] 9[_ ] 5.4
: 2;( : ) lsva) Mrem) Yli-g-m) OV

The choice of the phases and the arguments of the #-functions is dictated by modular
invariance and the existence of maximal supersymmetry. Indeed, the existence of 4 left-
moving supersymmetries can be shown explicitly by using the Jacobi identity associated
to the the arguments (a,b) and then to (hy,g1) as previously. The 4 right-moving super-
symmetries can be visualized by using first the Jacobi identity associated to (@,b) and then
the one associated to (h1,g;) and then to (h2,7s).

The massless spectrum of the above N = 8-twisted construction is the following:

@ super-sector

[(0#,x"?) @ sp(, x?)—sp(x> )] (5.5)
® |7 @ sp(@)-sp(x"?)-sp(X* ) sp(XO)+ ]
b super-sector
(s, x"?)=sp(y>H0) 1 @ sp(x>™0) 4 sp(y>H20) 4] (5.6)
® | X2 @ sp(@")-sp(x?)-sp( )T+ ]

b, super-sector

(W x?) @ sp(, x"?)—sp(x*50) 4] (5.7)
® | (s@")-sp (X" &3p ()1 5p(X*) ) @ sp(7>) 1 5p(T™0)s .

=1
by super-sector

[ x12) @ sp(v,x2)-sp(+50), ] (5.8)
® | (s@")-sp () 83p(X" )1 5p () ) @ sp(7"2) 1 5p(T™0): .

A A

5,15,2 super-sector
[ x"2) @ sp(uh x"2)—sp(x***)4] (5.9)
® [ (sp@")-sp(X)+ @ sp(X") 15X+ ) @ sp(F )40 (T )|
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5
bib; super-sector

[(sp (", X2)-sp(y™ %) & sp(x*2%) sply™H20).,] (5.10)
® [ (sp@")-sp(X )+ @ sp(X*) 1570+ ) @ sp(F*)4p(7*): |

-
biby super-sector

[(sp(y", x"?)—sp(y®>+20) 4 & sp(x>"™0) L sp(y®™0) ] (5.11)

® [(s@")-sp()+ @ (") 15p(F) ) © sp(T2) 1 5p@)-]

13’1571572 super-sector
[(sp (0" ) —sp(y* )4 @ sp(x*50) 4sp(y™70).] (5.12)
® [ (sp@")-sp(X)+ @ sp(X)15p(X)+) @ sp(F ) 4p (T )|

Even though the untwisted 0 super-sector corresponds to a theory with N = 2 +1
supersymmetry, the supersymmetry is extended to N = (2 + 2) (1 + 3) because of

Al Al
the extra left- and right-moving gravitini arising from the bl, bl,bz and b, b, twisted super-
~l

sectors. There are two extra left-moving gravitini from b; and three right moving ones from
NN Al AL

by,by and byb,. This supersymmetric extensions happens due to the left-and right- moving
“holomorphic” structure of b’l,gé,gg. Thus, the twisted construction still has maximal
N = 8 supersymmetry constructed in a twisted manner.

A way to reduce the left- and right- supersymmetry is to couple the lattice characters
(7,9) and (A, B) to the left- and right- helicities and (twisted) R-symmetry charges. We
will first construct two versions of the N = 2 + (1 + 1) supergravity model containing
six and eight extra vector multiplets. Then we will reduce further the supersymmetry to
obtain the magic ML =2
SU(1,1) SO(6, n4)

u(1) 5(6)xS0(na)
In order to reduce the supersymmetry to N = 2 + (1 +1) one has to eliminate from the

5.1 N =2+ (1+ 1) supergravity, with M/’=* = X

massless sectors the gravitini coming from the bl, bl and b2 twisted super-sectors. One
way to do that is to use the lattice characters (,d) and (A, B) to impose Zy projections.
Inserting in the N = 8 partition function Zy_g the phase

In—g — Zi_4 (5.13)

— Zns (_)5(A+h1+ﬁl+ﬁz)+~/(B+gl+§1+§2)+(A+h1+El+ﬁz)(B+g1+§1+§2)

imposes in the massless states the constraint

(—)Aththiths — 4q (5.14)

A~ Al ~l Al
which eliminates the bl, by, by as well as the b b, b, super-sectors. Naively one obtains a

N = 2 + 2 supergravity model with two left- one right- movmg Supersymmetrles from the

0 super-sector and one right-moving supersymmetry from the b b2 super-sector.

— 14 —



The same sectors can be eliminated with a different choice of the phase,

S (5.15)
= ZN=3 (_)6(h1+ﬁl+E2)+'Y(91+§1+§2)+(h1+ﬁl+ﬁz)(g1+§1+§2)

imposing the constraint o
(—)tathths — 41 (5.16)
Both Zjé,:4 and Zy—4 have N = 4 supersymmetry. However, due to the holomorphic

PO
structure of the A-set in the Z4_, model, some extra massless states arise from the Ab)b; b,

super-sector. In the Zy—4 as well as in the initial Zy_g model these extra massless states
are projected out due to the B-projection.

The massless states of the Zy—4 are those of the N = 4 supergravity coupled to six
extra vector multiplets. There are 38 scalars parameterizing the manifold:
SU(1,1) " SO(6,6)

u(1) SO(6) x SO(6)

M=t = (5.17)

In the Z4_, construction there are extra massless states from the /113’15/15,2 super-sector

Al;’lylyz super-sector
{(Sp (¥ x2)_sp (w3,4,5,6)+ & sp (X3,4,5,6)+3p (w3,4,5,6)+] (5.18)
® | (sp@")-sp(0)+ @ sp(X"?)15p(F)+) & sp(F"?)5p(T )+ ] -

In the Z jé,: 4 the extra vector multiplets are eight and the total number of scalars is 50 that
parameterize the manifold:

SU(1,1) SO(6,8)
U)  S0(6) x SO(8)

In the next subsection starting from the M=% model, we will construct the magic MY =2

M=t =

(5.19)

by an “helicity twisting mechanism” similar to the one we had introduced in the construc-
tion of the MéVZZ.

5.2 MY=* — magic MLY=2

The magic Mév =2 can be obtained from the asymmetric Zjé,: 4, construction breaking the
2 right-moving supersymmetry via the insertion of a phase

Zf\‘/:4 - Z%i%icg
= Z8_, (_)B(h1+ﬁ)+A(g1+l3)+AB (5.20)
which couples the left-twisted arguments (h1, g1) and the right-helicity charges (@, b) with

the lattice arguments (A, B). The phase factor (—)4Z cancels the one appearing in the
Z =g and Zjé,: 4 partition function. The induced B-constraint for the massless states is

(=¥ =+1

eliminating all massless states of M5 =% with (—)"*@ = —1. The remaining states are then:
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Massless spectrum of the magic MY =2

0 super-sector, (hy =0, @ =0)

(", x"?) & sp(vt, xM?)_sp(***0) ;] ® [@”] :

1 graviton, 2 gravitini, 2 spin-1/2 fermions, 2 gauge bosons and 2 scalars.

5,15,2 super-sector, (hy =0, a=0)

[, x"2) @ sp(t, xM?)—sp(x>*70)4 ]

—1,2

® [sp(X 72

)+5p(X>*)45p(Y )+5p@3’4)+],

4 spin-1/2 fermions, 2 gauge bosons and 4 scalars.
13’15/1 super-sector, (hy =1, a=1)

[(sp(y*, x"?)—sp(y®>**0) 1 & sp(x>"P0) L sp(y®H0) ]

® [sp(8")-sp(X"2) 45045050+ |

4 spin-1/2 fermions, 2 gauge bosons and 4 scalars.

13’15,2 super-sector, (hy =1, a=1)

[(sp (8, X)_sp(5450) 4 @ sp(x**5)sp(y™47%), ]

® [sp(@")-sp(2*) 50T ) 5p(T"%)+ |
4 spin-1/2 fermions, 2 gauge bosons and 4 scalars.
AB’IE/IE/Q super-sector (hy =1, a=1)

[(SP(W‘,x1’2)_sp(w3’4’5’6)+ o sp(X3,4,5,6)+Sp(w3,4,5,6)+]
® [Sp@u)sp(yaﬁ)+Sp(§1’2)+sp(§3’4)+] .

4 spin-1/2 fermions, 2 gauge bosons and 4 scalars.

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

The N = 2 graviton multiplet comes from the 0 super-sector. The same super-sector

contains one vector multiplet as well. There are eight additional vector multiplets from the

other super-sectors. In total the number of scalars is 18 and they parameterize the Magic

N = 2 manifold
SU(3,3)

S(U(3) x U(3))’
This manifold is based to the N = 2 holomorphic prepotential

Ms =

; Det(Z%)
0

F(Zy,2%) = — = —iZ2 Det(t),
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where the 3 x 3 matrix Z% parameterizes the nine complex scalars (tV = Z%/Z,). The
Kahler potential associated to the magic ./\/lév =2 is:

K = —log iDet(t7 — ) (5.28)

and has the property to be identical to the N = 3 supergravity coupled to three extra
vector multiplets.

Utilizing the same basis sets as in the 4d construction of Mév =2 and performing similar
operations it is straightforward to define the reduced theory in three space time dimensions.
Via 3d duality transformation acting on 3d vectors the 3d manifold is extended to:

18 (4d-scalars) + 18 (4d-vectors) + 2 (4d-graviphoton) + 2 (3d-graviphoton, g3 ,) = 40.
The obtained 3d theory is that of the magic square with scalar manifold

L (2)

D=3 _
Mz = SU(2) x SU(6)

(5.29)
as expected by the c—map operation.
One expects via ozxidation to five space-time dimensions to construct the scalar mani-
fold of the magic square with 8 5d-scalars:
_ SL(3,C
MP=5 = SLE.C) (5.30)
SU(3)
Although this operation looks straightforward in field theory set-up there is an obstruction
in the above stringy construction where all internal left-moving coordinates are twisted.
It is therefore impossible to construct this model in our set-up. This obstruction however
does not prevent the stringy existence of ./\/lg) =3 via asymmetric orientifold construction or
else which appear non-perturbative from the type II “close strings” framework. Hopefully,
we will return and try to clarify this obstruction in near future.

6. Discussion

Several type II superstring vacua with N = 2 supersymmetry can be constructed. In this
work we focussed our attention on those which do not contain in their massless spectrum
any hypermultiplet. In this class of vacua the scalar manifold of the vector supermultiplets
is always Kéahler. It is interesting that for all four dimensional hyper-free constructions, the
internal compactification is necessarily not a Calabi- Yau manifold or more generally the
world-sheet superconformal symmetry is not based on N' = (2,2) but rather on N' = (4,1).
Indeed, their constructions is left-right asymmetric and can be realized by asymmetric
orbifolds via 2d-fermionic construction.

The minimal hyper-free theory with only one massless vector multiplet has been con-
structed. This theory contains a single minimally coupled vector multiplet S associated to
the axion-dilaton pair. This theory is exotic from the viewpoint of Calabi-Yau compactifi-
cation where the vector multiplets are conformaly (non-minimally) coupled. Furthermore,
this theory is universal in the sense that is a part of the spectrum of all the other more
complex models.
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Among the hyper-free N = 2 theories two of them are special. They are known to
be in correspondence with the symmetric spaces of the “magic square” and furthermore
are associated to the Jordan algebras Jf,)c and Jgﬂ. They have the additional remarkable
property to share the same scalar field content as some supergravity models with more
supersymmetry, N = 6 and N = 3. The one associated to the N = 6 turns out to be very
special since not only the scalar degrees of freedom but all the bosonic massless degrees of
freedom are the same as the N = 6 supergravity theory.

The superstring realization of the two N = 2 of the magic square turns out to be
non-trivial. We were able to construct them by introducing a “twisting mechanism” that
eliminates the extra gravitini of the N = 3 and N = 6 supergravities and creates at the
same time the extra spin—% fermions and spin-1 gauge bosons that are necessary to balance
the N = 2 boson-fermion degeneracy.

The “twisting mechanism” is interesting by itself. It is a well defined operation in
string theory and is based on “holomorphic Zs-orbifold stringy constructions”:

(i) The four left-moving gravitini are reduced to two as usually by a Zs-projection.

(ii) Due to the holomorphic structure of the projection two extra gravitini appears in the
“twisted” sector and thus obtain a “twisted N = (24 2)+4 realization” of the N =8
supergravity.

(iii) The breaking of the four right-moving supersymmetry is realized via a coupling of
the lattice charges to the right-helicity charge @ and left-twisted charge h, imposing
the constrain (h + @) = 0 mod 2. This constrain breaks the two left- and the four
right-moving supersymmetry but keeps the gauge bosons and scalars coming from
the N =2 + 4 Ramond-Ramond states.

The above three steps define the “twisting mechanism” applied in the case of the magic
N = 2 associated to the N = 6 supergravity. Although this mechanism is well defined in
string theory it is not yet known how it could be realized in a Zs-truncated supergravity
for two main reasons:

(i) From where could the twisted gravitini appear?
(i) How one can define the R-symmetry charges associated to the “twisted states”?

The “twisting mechanism” is even more involved in the case of the N = 2 magic associated
to the N = 3 supergravity coupled to three extra vector multiplets. Here one starts from
a “twisted N = 2+ (1 4 1) realization” of N = 4 supergravity coupled to eight extra
vector multiplets. Then, the constraint (h + @) = 0 mod 2 is introduced which reduces
the supersymmetry to N = 2 4 (0. Here also the construction is “stringy”. It is an
open interesting problem if an analogous construction can be realized in a Z3-truncated
supergravity theories.

By reduction to three space-time dimensions, we are able to construct at the

. . . _ Eq(_s
string level two other theories of the magic square namely: ./\/lg) =3 — W, and

D=3 _ Eg(2)
M5 = somxsom
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By oxidation in five space-time dimensions the construction of MY~ = SO of the

~ USP(6)
magic square is also achieved at the string level. However, in our stringy set-up, there is an
obstruction to define MgD =5 = Séé?’(gc)) since all six right-moving coordinates are twisted

and this prevents the oxidation procedure in five-dimensions. On the other hand this
obstruction does not implies in general the non-existence at the string level of ./\/13D =5 It is
possible that this theory exists at the string level via other constructions like “asymmetric
orientifolds” that may appear as non-petrurbative constructions from “closed string” set-up
we had explored here. It remains an open and very interesting question the stringy existence
of the other theories of the magic square, in three, four and five space-time dimensions:

. SL(3,R) SL(3,C) SU*(6) 6(—26)
b=5=55m P <Sue © wspe M —F B

SP(6,R) SU(3,3) $S0*(12) By

=4 U(3) 112} U(1) x SU(3) x SU(3) 18], U(6) 130 U(1) x Eg [54

B Fyu Eg(2) Er 5 Eg(_24)
D=3 gspexsum 2 st@xsuE Y soazxsue Y stxE M2

Indeed, the explicit constructions at the string level of the magic N = 2 theories extends
the validity at the string level of the entropy formulas obtained via the BPS and non-BPS
attractor mechanism introduced in refs [I9].

Finally, it will be very interesting to study supersymmetric string vacua and their
effective supergravity theories that will be eventually obtained via a “generalized twist-
ing mechanism”; not only in type II theories, but also in heterotic as well as in type 11
orientifolds with brane and fluxes.

After the submission of this work an interesting paper appeared, by M. Bianchi and S.
Ferrara [R0], where two other magic square Ny = 2 theories are obtained via an asymmetric
orientifold construction, namely

E7 25
M- =
"7 U(1) x B
in four space-time dimensions and
Eg—
Ms = 8(—24)
SU(Q) X E7

in three dimensions. Even more interesting is the simultaneous appearance in their con-
struction of the two magic scalar manifolds in the same four dimensional N = 2 theory,
with My as the scalar manifold of the vector multiplets and Mg the one of the hyper-
multiplets. In three space time dimensions one obtains a double magic theory based on
Mg x Mg, since Mg is derived by M7 via a three dimensional c-map. This doubling of
the manifold is absent in our hyper-free construction. In the same work M. Bianchi and S.
Ferrara underlined the importance of string magic theories for the validity of the entropy
formulae obtained via the BPS and non-BPS attractor mechanism, (for an updated view
of the subject, see [R1]).
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